Chapter 6: Application of Derivatives I

MATH1520 University Mathematics for Applications Fall 2021

Learning Objectives:

(1) Apply L’'Hopital’s rule to find limits of indeterminate forms.

(2) Discuss increasing and decreasing functions.

(3) Define critical points and relative/absolute extrema of real functions of 1 variable.
(4) Use the first derivative test to study relative/absolute extrema of functions.

6.1 Limits of indeterminate forms and L’Hopital’s rule

Recall the Remark in the end of Section 2.4 regarding exceptional cases of limits, which can
not be computed using the algebraic rules of limits in Proposition 2, but the limits might still
exist. Limits of this type are said to be of indeterminate forms.
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6.1.1 Limits of indeterminate forms

b

Consider lim M,
z—a g(x)

1. if lim f(z) = A, lirr%) g(x) = B #0, A, B € R, then by the quotient rule,
>

T—a

o f@ _ BmIEa
P g(z)  limg(x) B’

r—a
2. if lim f(z) = lim g(z) =0 (£o0), then the quotient rule is not applicable. Limits of
Tr—a r—a

. . . . 0 00
this type are said to be of indeterminate form type 0 or type 55
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0
Theorem 6.1.1 (I’Hopital’s rule for limits of types 0’ ﬁ).
(0. @]

Let f(x), g(x) be differentiable and suppose that ¢'(x) # 0 near the point a.

If
lim f(z) = limg(z) =0 or lim f(z) = lim g(z) = +o0,

r—a Tr—ra r—a T—a

@) @
P g@) (@)

then

(b) The statement of the theorem still holds if “+ — «” is replaced by “x — 4+00” or “z — a™”.

It also holds if lim,_,, f(x) = +00 :(1:11)% g(z) = Foo. (Use lim,_,, ggg — —limy ., gJ(Cg(Cﬂ)ﬁ) and

apply the theorem to lim,_., %{Ej)ﬂ).)

Example 6.1.1. Limits of type g

1.
21 0
lim xs (check condition 1: =)
r—1 xr° — 0
2z .. C e .. 2
=lim — (check condition 2: this limit is =)
z—1 312 3
2 \ I3 2
T3 o= M Sx
"70!0 BJ N> \
Remark. Alternatively, use the “canceling common factors” trick in the previous chap-
ters.
2.
li e (the limit is of type 9)
ng V7 — typ 0
T e’ - r
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E le 6.1.2. Limits of type —
xample imits of type — _ A
X
1.
im 2 1 (type E)
z—+oo 2z 4 3 P 00
. -1
= lim —
x—+oo 2
__1
=3
Remark. The same result can be obtained by dividing both the numerator and the
denominator by .
2.
li Inx €N (type —)
x—1>I-|I—1c>o xn 1 yP
1
= lim T
r—+oo N
1 <
= lim — —_ Jum N
r—4o00 ™ N V(L\/l an ,
=0. & —o
%o b e
(et o v ] to
Remark. Ing =+ < W=’ 3 i
= ¥ .

) ITTA ) : 1 . ,)%M A [
1. L’Hopital’s rule cag S_I?T beé applied fo(l; djt{:)rlmmellte form + £ %\(B'W " )
For example, lim1 +2:§,but 1iml( —1—2)’212 . ! 7,\2* g yfhan %
€T Tr—r

!
2. If lim f(z) is still 9, @, then repeat L’Hopital’s rule.
z—a g'(x) 0" o0

3. L’Hopital’s rule can be used to justify the previous assertion that as = — oo, higher de-
gree polynomials “grows faster” than lower degree polynomials; exponential functions
grow faster than any polynomials; log functions grow slower than any polynomials.
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el —e ™ -2z 0
(type 6)

lim

x—0 .1,‘2
eL+e -2 ) 0
ig% s (still of type 6)
et —e™%
=lm—
=0

6.1.2 Other Indeterminate Forms: 0 - co, co — oo, 0%, 1°°, co®

All these forms can be converted to forms of types 5 or >

Example 6.1.4. Type 0 - co
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1% .
Example 6.1.5. Type oo — oo v Lim ); — b L tv‘o—% c*-|
lim (1 ! ) 00) Y%é— ' A
z—0T \ T r—1 - = * 62
( 0
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Example 6.1.6. Types 1>°, oc”, 00

Trick:
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So
’ 1

So,
lim 2% =% = 1.
r—0t

YSzadb}
J

6.2 Monotonicity of Functions and the First Derivative Test

6.2.1 Monotonicity: Increasing/Decreasing Functions

Definition 6.2.1. Let f(x) be a function defined on (a,b). Then .
na
. . . . . b d /'7
1. f(z) is increasing (or positively monotone) on the interval if f(xz2) > f(x1) whenever e
<rlhus J
xr9 > 1.

2. f(z) is strictly increasing (or strictly positive monotone) on the interval if f(x2) >

f(xz1) whenever xg > x;.
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3. f(x) is decreasing (or negatively monotone) on the interval if f(z2) < f(x1) whenever
To 1.

4. f(z) is strictly decreasing (or strictly negative monotone) on the interval if f(x2) <
f(x) whenever xo > 7.

5. f(x) is (strictly) monotone if f(x) is either (strictly) positively monotone or (strictly)
negatively monotone.

Caveat! The preceding definition is the mathematicians’ definition of increasing/decreasing
functions. However, some calculus texts define increasing/decreasing functions differently,
e.g. [Hoffmann et al.], where “increasing/descreasing functions” refer to the “strictly
increasing/descreasing functions” defined above. Similarly, some text refers to what we
called “strictly monotone/monotone” above as “monotone/weakly monotone”.

v =f()

o) === f faep
X)) +————— |
Joy) | | f(xy) 1
| |
} | | t > X > X
a x; x b a x X, b
(a) f(x) is increasing ona <x < b (b) f(x) is decreasing ona < x < b

Theorem 6.2.1. Let f be a differentiable function on (a,b).

1. If f'(x) > 0 for all x € (a,b), then f(x) is an increasing function.
2 I fix) >
() < 0forall x € (a,b), then f(x
(z)

3. If fl(x

4. If f'(z) <0 for all x € (a,b), then f(x) is a strictly decreasing function on (a,b).

is a decreasing function.

(a,b) (
0forall x € (a,b), then f(
(a,b) (
(a,b) (

)

x) is a strictly increasing function on (a, b).
)
)

Example 6.2.1. Show that f(z) = e* — x — 1 is a strictly increasing function on (0, o).
Solution. f'(z) =e*—1>1—1=0. So f(x) is a strictly increasing function. [

Remark. Because f(x) is a strictly increasing function, f(z) > f(0) =0 for z > 0, i.e.

e >1+zx, forz > 0.

de< V.U\é\‘vj
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Negative
slopes

Positive

slopes
} I X | | x
a b a b
(a) f'(x)>0ona<x<b, (b) f'(x) <0ona<x<b,
so f(x) is increasing. so f(x) is decreasing.

Procedure to determine intervals of increase/decrease of f
el punt o

1. Find all ¢ such that é’(c) = 0or f’(c) is undefined. Divide the line into several intervals.
2. For each intervals (a, b) obtained in the previous step.

(@) If f'(z) > 0, f(x) is a strictly increasing function (1) on (a, b).
(b) If f'(x) <0, f(x) is a decreasing function (}) on (a, b).

Example 6.2.2. Find the intervals in which the function
f(x) =223 4322 — 122 — 7

is strictly increasing/strictly decreasing.

Solution.
fl(x)=62>+6x—12=6(x+2)(z—1)=0 =az=-21
So we have 3 intervals: (—oo, —2), (=2, 1), (1,00). i — t

In(—o00,—-1), 2z4+1<0,z—1<0, sof'(z)>0.
In(-1,1), z4+1>02-1<0, sof'(z)<0.
In(l,400), x+1>0,2—1>0, so f'(z)>0

T (_ ) _2) -2 (_27 1) 1 (11 +OO)
f(x) + 0 — 0 +
monotonicity T + T
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Figure 6.1: y = 22% + 322 — 122 — 7

Exercise 6.2.1. Find the intervals of strict increase and strict decrease of the function

f(x) =27 — 225 + 23 7{:\ 7< ) u/(\ﬂA.. \le\

Solution.

b
xLC’? VAST S o 3>
. 3
fl(x) = 728 =102 +322 = :fj(?:n2—3)(332—1) =0 = x=0,+1and i\/; ~ +0.654654.

>0 V/[\DAA X EQ.
v (—o0.—1) | (=L—/3) | (=/2.0) | 0./H) | (JED | (1,+00)
f/(z) + - + + - +
monotonicity T d T T i T
o3l
3.:5-
3'1::‘/\

1.5 [ 0.5 1.0 1.5
0 3 Figure 6.2: y = 27 — 22° + 23
K~
~+ . ~ — + a
4 T \ >

T T
— ° \EY
=, Z8
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Definition 6.2.2. Let f(z) be a real-valued function defined on (a, ). A number ¢ € (a,b) is
called a critical point of f if f/(¢) = 0 or f/(¢) does not exist.
The corresponding value f(c) is called a critical value for f(x).

Remark. The notion of critical points applies to more general functions, e.g. real functions
of several variables, complex functions etc. A critical point always lies in the domain of
the function. In the special case of real-valued functions of a single real variable, a critical
point is a real number; therefore it is also called a critical number. Let f(z) be a real-valued
function of a single real variable, and ¢ € R be a critical point of f. Let C C R? be the graph
of f in the x — y plane. The point (¢, f(c)) € C'is a critical point of the function 7, : C' = R
given by (z,y) — y.

Example 6.2.3. X (/\/L\P"\ Xz
o=t f=3° e v D
We have proved
-1, x <0,
f'(z) = { does not exist, x =0,
1, x> 0.

= critical number: z = 0;  corresponding critical value: 0

x (—00,0) | 0| (0,+00)
f(x) - b +
.. S
monotonicity i} nfl, 1
ey

Example 6.2.4. f(z) = 2* — 423. Find all critical points and increasing & decreasing
intervals.

>0 o XA
Solution. Y
fl(z) =42® —122° = 42*(2 -3)=0 = 2=0,3.

critical points: x=0,3 ]O/ - -
corresponding critical values:  f(0) =0, f(3) = —27

x (=00,0) | 0| (0,3) | 3] (3,4+0) )
f(x) — o — |0 +
monotonicity 4 1 T
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6.2.2 Maxima & Minima of Functions

Definition 6.2.3. Let f(x) be a real-valued function with domain 7. We say

1. f(z) has a relative maximum (or local maximum) at z = c if f(¢) > f(x) for all
x € I near c.

2. f(z) has a global maximum (or absolute maximum) at z = cif f(¢) > f(z) for all
x el

Similar definition for relative/global minimum.

Both maximum and minimum are called an extremum.

. A absolute max (global max)
relative max (local max) _

VA S~
~_ /
\

relative min (local min)

/

absolute min (global min)

Remark. Global extremum = Local extremum
But Global extremum < Local extremum

Remark. There is some confusion in the literature regarding whether a (local or global)
maximum/minimum of a function refers to an element in the domain or its corresponding
value (in the range). For most literature, the (absolute) maximum of a real function f(x)
refers to the value: M € R is said to be the (absolute) maximum if there exists an element c in
the domain D of f such that f(x) < f(c) Vo € D. To be clear, say that M is an (absolute)
maximum value of f; and f attains its (absolute) maximum at c. Say e.g. f has local maxima
at xy,x2,... € D, with corresponding values f(z1), f(z2),.... Similarly for the notions of
(absolute/local) minimum.

Remark. Absolute maxima/minima may not exist. Consider the e.g. the function f : (0,1] —
R given by f(z) = z. This f has an absolute maximum but has no absolute minimum. A
general notion is supremum/infimum. In the above example, the supremum of f is 1 and its

infimum is 0. - | TS o abse bute maymam w& %‘
The otlo.ral,q('Q ax \s od\“m"v\ql ok x =0
baX Yo 5 ws dosibnte unvincoaw
(0 canle alioarily ds< > D,>

put neven affopne O
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Question I: How to find relative extrema?

Theorem 6.2.2 (First Derivative Test: Relative Extrema).
Let f(x) be a continuous function which is differentiable where x # c. Then
1. f(z) attains a relative maximum at x = c if near the point c,
f'(x)>0 forz<c f(z)<0 forz>ec.
2. f(x) attains a relative minimum at x = c if near the point c,
fl(z)<0 forz<e f(x)>0 forx>ec.
3. f(x) attains no relative extremum at x = c if near the point ¢, f’(x) has the same sign on

two sides of c.

Ay Ay

f'(x)<0 f'(x)>0

¥
¥

¢ Minimum ¢ Maximum

Aly lly
No maximum or minimum No maximum or minimum

¥

Sign of f/(x) Sign of f'(x)
Property to the left of ¢ to the right of ¢
Relative maximum + —
Relative minimum — +
Not a relative extremum + +

Not a relative extremum — —
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Theorem 6.2.3. Let ¢ € (a,b) and let f be a continuous function on (a, b) such that f’ exists
and is continuous on (a,b)\{c}. Then f attains a relative extremum at x = c¢ = cisa
critical number; i.e. f'(c) = 0or f'(c) does not exist.

Remark. f attains a relative extremum at x = ¢ < ¢ is a critical number.
For example, f(z) = 23, f/(z) = 322, so z = 0 is a critical number. But f’(x) > 0 on two
sides of x = 0, so f does not have a relative extremum at 0.

Example 6.2.5. Let
f(z) =223 + 322 — 122 — 7.

Find all its relative maxima and relative minima.

Solution. Refer to the answer of Example 6.2.2, f/(x) = 622 + 62 — 12. The critical numbers
are solutions of f'(z) =0,i.exz = —2and z = 1.

x| (=00,=2) | =2 | (=2,1) | 1| (1,+00)

f(x) + 0 - 0 +
T \ Lig] mor
(point where a relative maximum occurs, cc%’wr%lg(gf(ﬁﬂ% Valucea)lY (=2, f(-2)) = (—2,13)
(point where a relative minimum occurs, corresponding value): (1, f(1)) = (1,14)

Example 6.2.6.
1. For Example 6.2.3 f(z) = |z|.
One critical number: z = 0, One relative minimum at 0, with corresponding value O.

2. For example 6.2.4 f(x) = 2* — 423,
critical numbers: x = 0,3, one relative minimum at 3, with corresponding value
—27.

Exercise 6.2.2. Let
fz) =27 —22° + 2.

(see Exercise 6.2.1) Find all relative maxima and relative minima of f.

Answer:



